The so-called Jackiw-Pi (JP) model for massive vector fields is a three dimensional, gauge invariant and parity preserving model which was discussed in several contexts. In this paper we have discussed its quantum aspects through the introduction of Planck scale objects, i.e., via noncommutativity and the well known BV quantization. Namely, we have constructed the JP noncommutative spacetime version and we have provided the BV quantization of the commutative JP model and we have discussed its features. The noncommutativity has introduced interesting new objects in JP's Planck scale framework.
I. INTRODUCTION
It is well known that quantum field theories are plagued with infinities that turns the calculations of some physical objects simply impossible. Some techniques in order to tame such infinities like renormalization have their effectiveness limited and other alternatives such as supersymmetry are still under investigation and needs some experimental observations in order to lead the experts to the undoubtedly direction. However, the idea that the change of a continuum spacetime to a discrete one has bring some light that has been explored since the recent results connecting noncommutative (NC) geometry to string theory embedded within a magnetic background [1] . However, this fuzzy spacetime concept was firstly published by Snyder a long time ago [2] in order to free QFT from the infinities, but unfortunately, it did not succeed [3] . After its connection to string theory, a lot of interest is increasing and interesting results were obtained [4, 5] .
However, some problems concerning unitarity and causality [6] of NC theories are still present but it is possible to live with them. For example, soliton solutions in NC systems have originated interesting analysis since we can have an emergence of a length scale induced by the NC parameter (θ) are non-local and this has generated solitons in NC field theories even though in some cases solitons are absent in the respective theories in ordinary spacetime. We can cite as an example the NC solitons in higher dimensional scalar field theories [7] . The investigation of NC soliton and magnetic coupling can be found in [8] .
One of the reasons that makes three dimensional gauge theories still have theoretical (mathematical) interest is because they describe (1) kinematic processes that are confined to a plane when external structures (magnetic fields, cosmic strings) perpendicular to the plane are present, and (2) static properties of (3 + 1)-dimensional systems in equilibrium with a high temperature heat bath. In condensed matter physics, they describe the topological order in fractional quantum Hall effect states. An important issue is whether the apparently massless gauge theory possesses a mass gap. The suggestion that indeed it does gain support from the observation that the gauge coupling constant squared carries dimension of mass, thereby providing a natural mass-scale (as in the two-dimensional Schwinger model) [9] . Also, without a mass gap, the perturbative expansion is infrared divergent, so if the theory is to have a perturbative definition, infrared divergences must be screened, thereby providing evidence for magnetic screening in the four-dimensional gauge theory at high temperature.
The Chern-Simons term as a topological theory of Schwarz type when added to the threedimensional Yang-Mills action, renders the fields massive, while preserving gauge invariance. However, the drawback of the Chern-Simons topological mass term is the loss of parityinvariance, due to the presence of the ǫ µνρ -tensor. A trivial way of maintaining parity with this mass generation is through the doublet mechanism. Consider a pair of identical YangMills actions, each supplemented with their own Chern-Simons term, which enters with opposite signs. The parity transformation is defined to include field exchange accompanying coordinate reflection, and this is a symmetry of the doubled theory. Using this method Jackiw and Pi in a seminal paper [10] have offered a theory for massive vector fields, which is gauge invariant and parity preserving. This theory is gauge invariant, but has non-YangMills dynamics. Although formal quantization of the model can be carried out, developing a perturbative computation method encounters some difficulties.
The consistency of physical states of different types of Jackiw -Pi model was studied using constrained analysis in the Hamiltonian approach [11] , and classical symmetries us-both is different since S is a functional of quantum fields and antifields and is a functional of classical fields.
In this work after studying carefully the gauge structure of Jackiw-Pi (JP) model, we will construct the corresponding BV action for the U(1) * U(1) * U(1) * SU(N) gauge group. It is obvious that the quantization of this gauge group is possible via BRST approach but we have hired the BV formalism for having better understanding of its symmetries. Also gauge fixing is simpler in this formalism and moreover the BV action is ready for quantization and study of anomalies.
The issues dealt in this paper follows the sequence such that in section 2 we have discussed the JP model and its NC version was constructed in section 3. Concerning quantization, we have carried out the field-antifield of the extended JP model in section 4. The conclusions are depicted in section 5. In order to try to keep the paper self-contained, we have added two Appendices with brief reviews of the SW mapping and the basics of the BV quantization.
II. THE JACKIW-PI THEORY
The JP model is a non-Abelian gauge invariant, massive, parity preserving theory governed by the Lagrangian [9, 10] 
where A µ and φ µ are vector bosonic fields and m is a mass parameter. The 2-form curvature
where the covariant derivative is written in terms of the structure constants f abc as
In Eq. (2) we have the 1-form φ 1 = dx µ φ µ vector field φ µ = φ aµ T a . In the above, the vector fields A µ and φ µ have opposite parity, thus the JP model becomes parity invariant. In this classical theory in commutative spacetime, the fields are Lie algebra-valued Ψ = Ψ a T a but in the NC spacetime for an arbitrary gauge group, as it was mentioned before, this property will be lost. This theory is invariant under the non-Abelian transformation
and this last mixing term in S is also invariant under
which brings an interesting problem since this second transformation does not male the non-linear part of
Hence, the quadratic theory has two independent and Abelian gauge transformations. When we consider interaction, one non-Abelian symmetry survives which affects the quantization [10] . We will come back to this issue in a minute.
The Lie algebra of the generators for the symmetry group of A µ is given by
and we recall that the vector potential A aµ is the connection associated with this group. The gauge group of φ µ is Abelian and its generators are symmetric matrices with the same number of generators as A µ and they obey the following commutation relationship
Also, it is assumed that the generators of these two algebra satisfy the following relation
In the case of su(n), the generators of the Lie algebra are traceless and Hermitian matrices. Also we will assume that the generators P a are symmetric matrices. By turning off the coupling to λ in Eq. (3), we have that
and the action in Eq. (1) reduces to an action which is invariant under two different Abelian transformations
For the Green functions generating functional (or the partition function) we just need the gauge fixing terms for its gauge symmetries of the Eq. (4). However, the propagators will be calculated in terms of a quadratic action Eq. (9) which still possesses the gauge symmetry of the Eq. (10), i.e., the gauge fixing of the non-Abelian action will not be enough to eliminate the superficial fields in Eq. (9) which are essential to define finite propagators. A general quantization procedure of the theories whose gauge symmetries in the quadratic (S q ) and the full (non-Abelian) cases are not consistent, is not available yet [11] . Jackiw and Pi proposed to enlarge the configuration space by introducing the new fields ρ and to deal with the action (Extended JP model)
where ρ = ρ a T a and which is invariant under two different type of non-Abelian transformations
and Non-Yang-Mills
The additional scalar field ρ transforms under the first gauge transformation as an adjoint vector while the second one applies a shift. It is very important to understand that the action in Eq. (1) describes "charged vector mesons," represented by φ µ , and we can see that it interacts minimally with the gauge potential A µ . In order to construct an action which incorporates both gauge transformations (4) and (5), it is a common practice to introduce (as in (1)) additional non-minimal interactions. This new extended version of Eq. (1), Eq. (11), is invariant under these both gauge transformations which are incorporated in a larger non-Abelian Yang-Mills gauge symmetry [10] . Besides, we can combine (4) and (5) into a non-Abelian gauge symmetry without changing the dynamics. Hence, Jackiw and Pi introduced a new scalar field multiplet ρ (Eq. (11)). The new gauge transformations of (11) are given by (12) and (13) and the Abelian and non-Abelian generators are in Eqs. (6), (7) and (8) . Notice the (11) is invariant, although it does not have the Yang-Mills form. It is always possible to set ρ = 0 in order to regain the dynamics of (1). Jackiw and Pi have shown that the quantization is straightforward [10] . We will show here that the introduction of a Planck scale parameter is possible, which is equivalent to a semi-classical treatment of the extended as well as the NC version of the ρ = 0 (non-extended) model. Since both are connected via ρ, this NC result shows that the connection is preserved. Namely, the NC contribution does not modify the link between (1) and (10) . In this work we have discussed the NC alternatives of both versions of the JP model, i.e., the non-extended (Eq. (1)) and the extended (Eq. (11)) one. However, it is also important to notice that the non-extended one is recovered when we make ρ = 0 in Eq. (11) as well as we have this equivalence concerning the symmetries of the extended model in Eqs. (12) and (13) . Namely, the symmetries (4)-(5) can be recovered from (12)-(13) when ρ = 0 in this last set of symmetries. Although we have introduced noncommutativity in both versions, when we will analyze the BV quantization, due to the analogousness of the computation, we will show the BV quantization of the extended JP model. The result for the non-extended one can be directly obtained by considering the above ρ = 0 substitution in the action and symmetries. We will mention this observation later again.
III. FIELD-ANTIFIELD TREATMENT OF EXTENDED JACKIW-PI MODEL
According to the gauge transformations, Eqs. (12) and (13) the gauge structure of extended JP model can be expressed in a compact form
The dynamical variables of the model, i.e., A µ , φ µ and ρ are bosonic fields so their Grassmann parity is ǫ i = 0. The gauge parameters θ and χ also are bosonic variables hence their Grassmann parity is ǫ α = 0.
For the first step we have to calculate the commutation of two gauge transformations. For the gauge field A µ we have
where θ
Additionally for the scalar field ρ, we yield
As we can see from the commutations of fields, the gauge algebra of the extended JP model is closed and all of E ij αβ (see Eq. (B5) in Appendix B) are equal to zero. In other words, there is not any term dependent on the equation of motion. The next step would be to determine the structure constants of the gauge algebra according to Eq. (B5). As an interesting result we find that the non-zero structure constant of all the above commutations are the same and are equal to T α βγ = f abc (Eq. (B5)). Now we have the enough ingredients to construct the field-antifield action for the theory at hand as
where ξ and η are ghost fields related to the gauge parameters θ and χ, respectively. The Grassmann parity of these ghosts is ǫ (ξ) = ǫ (η) = 1. The ghost numbers of the variables of action S BV are
Before quantization we have to fix the gauge degrees of freedom. To realize this we go to a gauge-fixed basis by introducing a fermionic function with the ghost number equal to gh [Θ] = −1 and Grassmann parity ǫ (Θ) = −1, as mentioned before. Without lost of generality we suggest the fermionic function
whereξ a andη a are Faddeev-Popov antighost fields related to the ghosts ξ a and η a with statistics and ghost number equal to
It should be mentioned that the final result of a quantization process is independent of gauge fixing. Together with the Faddeev-Popov antighost, we have introduced the NakanishiLautrup fields (π a ,ω a ) to our minimal set to eliminate antighost fields with the following properties
It is necessary to include the antifields associated with these new auxiliary fields with the following properties
The minimal set together with these new auxiliary fields constitute the so-called non-minimal set. The non-minimal extension of BV action reads
By employing the Gaussian-averaging gauge-fixing procedure we have
With this choice we can eliminate the antifields via Eqs. (21) and (26) 
Finally we obtain the gauge-fixed quantized-ready action for extended JP model
The Gaussian integration over auxiliary fieldsπ andω can be performed for Eq. (28) to give
which is very similar to the Yang-Mills action fixed in the R γ gauge. The case γ = γ ′ = 1 is the Feynman gauge. When γ, γ ′ → ∞, theπ andω dependence in Θ of Eq. (21) 
The nilpotency of δ B Θ holds off-shell because the original gauge algebra is closed. The next step would be to discuss the anomalies of this theory and also to calculate its perturbative expansion and anomalies using the above action. Using this result, we can compare the anomaly given by the NC JP action through the computation made in [20] . It is an ongoing research.
As we have mentioned before, for the BV quantization of the non-extended version of the JP model, Eq. (1), we have to consider the value ρ = 0 for the action and its symmetries. The field-antifield quantization can be easily obtained for the non-extended model in this way.
IV. NONCOMMUTATIVE JACKIW-PI MODEL
The NC version of original JP model will be written aŝ
In similarity with commutative spacetime, the following definitions in the NC space-time are claimed asF
where [A, B] ⋆ = A ⋆ B − B ⋆ A as before. By using the definition of MW star product, up to the first order, we have
It is worthy to mention again that in a general NC space-time the objects inside the above anticommutator take value in the universal enveloping algebra, U (su(n)). According to the SW map the gauge transformations are form-invariant, just the fields and operators must be reformulated in NC spacetime. In the other words
and
The action has three parts that must be mapped to commutative spacetime. The YangMills term, dynamical/interaction term of φ µ and the third one is a Chern-Simons like term. As we saw earlier, the SW map gives us a way to express the variables of NC spacetime in terms of commutative ones up to some freedom. Mapping of the Yang-Mills, term up to the first order, is driven by integration of relation (A30) and the result is [21] 
The vector field φ µ transforms in adjoint representation of the gauge group. So the SW map tells us that, up to the first order, this field can be expressed aŝ
where
The second term of action (31) is more complicated and needs more attention. Using the SW map this term can be written as
The covariant derivative in the above expression is given bŷ
where A 1 µ is the first term of the expansion of NC fieldÂ µ in terms of commutative fields, as we saw in Eq. (A28). By plugging in the expanded covariant derivative in Eq. (40) we obtain
After doing some algebra the above expression can be simplified as
The above expression can be rewritten solely in terms of ordinary fields of commutative theory,
According to the SW map, the Chern-Simons like term can be transformed as
This expression can also be rewritten just in terms of variables of the original theory
The NC JP theory is given by adding up Eqs. (38) , (44) and (46)
where S is the standard JP model form θ = 0, i.e.,Ŝ(θ = 0) = S. This complete O (θ 1 ) noncommutative JP theory contains vertices, with a higher number of gauge bosons, that are absent in the original theory and from the phenomenological point of view these two Lagrangian produce different interactions. We have not included explicitly the structure constants in our analysis so one can not discuss the perturbation expansion of the NC theory. For a future work, we are going to add fermionic matter field in the theory with explicit structure constants and we will analyze its perturbative expansion and the phenomenological aspects of both theories.
The NC version of the extended JP model
For the extended version of JP action, given by Eq. (11), the introduction of the MW version product is given by
where [A, B] * = A * B − B * A. For a non-Abelian theory, the commutator is given by
According to Seiberg-Witten map the gauge transformations form does not change, just the fields and operators must be transformed into NC space. In other word
where (53) is the first set of gauge transformation, which is more interesting than the second one since A µ transform. Then, we believe that, since the first set of gauge symmetries presents a non-trivial gauge transformation for A µ , the NC version of (11) will bring interesting extra terms connected to this field. In this way we will provide the NC version for this first set of gauge transformation, for the second set, the calculation is analogous and easier than the one we present here.
After a huge algebraic work, using the cyclic properties of the trace, the definitions above, the NC version of the JP model considering the first set of gauge transformations, Eq. (53), is
which recovers Eq. (11) when θ = 0 and we can see that the extra terms present higher derivatives a mass terms.
V. CONCLUSIONS AND PERSPECTIVES
In this work we have discussed the behavior of the JP model under the introduction of Planck scale elements through two different formalism, the NC one and the BV quantization method. The BV action, the gauge fixed action and the BRST transformations were computed. The Nakanishi-Lautrup field was introduced.
Concerning NCy, the non-Abelian JP model shows that the MW product and the SW map can be introduced and the final NC version was obtained. As a further step, we can compute the anomaly of both NC and commutative actions and compare the results with the mapping for NC anomalies developed in [20] . This is an ongoing research and will be published elsewhere.
Appendix A: Noncommutative gauge theory
Gauge theories are crucially important when they can build a realistic physical model and are the main ingredients of standard model of particle physics. So, in order to obtain any real results out of the NC field theory, the notion of gauge symmetry had to be generalized to the NC setting. Since gauge symmetries are essentially local, generalizing them to the nonlocal NC spacetime is highly nontrivial.
There are two methods to construct gauge field theories in NC spacetime. The first one uses the SW map, obtained from string theory [1] , which maps a NC gauge theory into a commutative gauge theory. The second one uses a NC generalization of a gauge group and the ⋆-product to construct a gauge theory in the framework of NC field theory. Both methods have been further developed and they offer some flexibility in their approaches. In this chapter we shall study just the SW method briefly in the case of the constant θ and then we will construct a NC version of a non-Yang-Mills gauge theory with SU(N) gauge group. The reader with an interest in field theoretical approach can refer to [27] [28] [29] [30] [31] .
Until now we have discussed Lorentz-invariant NC spacetime where the NC parameter is an operator valued object, but now we will take a look at the cases where the NC space-time is considered to be the canonical one, i.e. the NC parameter is a real valued constant matrix. In this type of noncommutativity (NCy) the Lorentz invariance is violated.
For the future use the Moyal-Weyl (MW) ⋆-product and the Moyal bracket (For a review of MW product, see [4, 5] ) are naturally generalized for the algebra of matrix-valued functions M n×n ⊗ A θ , i. e., for two arbitrary functions f (x) and g(y) we have
The Hermitian conjugation for the algebra M n×n ⊗ A θ can be defined by the usual Hermitian conjugation of matrices f (x) † ij = f (x) ⋆ ji and by the definition that the ⋆-product behaves under the operation
in the next section we will talk more about the MW product and it we will show it explicitly.
The Seiberg-Witten map and universal enveloping algebra
After a quantization process, the open string theory in a constant antisymmetric background field, with string end points constrained on D-branes, by using the Pauli-Villars and the point-splitting regularization, one obtains a commutative or NC gauge theory, respectively. The SW map provides a correspondence between these two gauge theories, which should be equivalent, since a well-defined quantum theory does not depend on the regularization technique.
The SW map, as originally proposed, is a map between the NC U ⋆ (N) gauge theory, described byÂ and Λ as gauge field and the gauge transformations, respectively and the corresponding ordinary commutative u(N)-matrix valued functions A and Λ. In this approach it is argued that, because most of the gauge theories on NC spaces cannot be constructed with Lie algebra valued infinitesimal gauge transformations, the infinitesimal gauge transformations should instead, be taken to be enveloping algebra valued. The idea is to bypass the difficulties in constructing NC gauge groups by letting the generators of the gauge transformations and the gauge fields to take values in the universal enveloping of the corresponding gauge algebra. The main problem with this approach is that enveloping algebras are infinite dimensional, which means that simply the numbers of both gauge transformation parameters and the gauge fields are infinite.
The gauge transformation parameters and the gauge fields can, however, be defined to be functions of the corresponding Lie algebra valued objects, i.e., the functions being obtained through the SW maps, so that their numbers are the same as in the corresponding commutative gauge theories.
Let us consider the NC version of a gauge theory of a generic non-Abelian gauge algebra, say the algebra su(n), with the matter fieldsψ and the gauge fieldsÂ µ . The infinitesimal local gauge transformations areδΛψ
where the NC infinitesimal gauge transformation parameterΛ is valued in a universal enveloping of the gauge algebra U(su(n)) and ρ ψ is the matter representation of U(su(n)). It should be noted that there is no gauge symmetry group, since this gauge symmetry is only defined for infinitesimal gauge transformations 1 . Generally speaking, the gauge transformation parameterΛ cannot be Lie algebra valued, because the commutator of two Lie algebra valued parametersΛ =Λ i T i andΣ =Σ i T i does not close in the Lie algebra with the gauge transformations
Therefore, we have to use the fields and gauge transformations that are U(su(n))-valued. The gauge fieldsÂ µ have to be in the adjoint representation of U(su(n)). The gauge covariant derivative and the field strength are given bŷ
with the gauge transformationsδΛD
The gauge invariant action for the gauge sector is defined by
and the action for the matter/interaction sector is constructed by using the covariant derivative. For example, the action of a NC fermion is written as
These definitions are similar to the corresponding commutative su(n) gauge theory, the differences being the ordinary point-wise product and the Lie algebra valued fields and the gauge transformations parameters. Here we denote the commutative concepts without the hats: ψ, A µ , Λ etc. In order to fix the notation we mention that in the commutative space, the fields transform under gauge transformations with Lie algebra-valued infinitesimal parameters
The commutator of two gauge transformations gives us
For the Lie algebra-valued gauge potential A aµ (x) we define the following transformation
Since the gauge invariance of the commutative gauge theory should be maintained in the NC space, the gauge transformations in the latter theory are induced by the transformations of the former theoryÂ
These relations are called SW map. They say that, if the commutative fields A µ and ψ are related to the fields A U µ and ψ U through the gauge transformation U = exp(iΛ) generated
. These gauge equivalence relations can be solved pertubatively in θ in order to obtain the SW maps explicitly. For the gauge theories with U(N) as the gauge group, the SW map for the leading order in θ can be written aŝ
As we have mentioned above, the gauge parameters of a general gauge theory, for example, with SU(N) as the gauge group, in the NC space can not be Lie algebra-valued, because the commutation relation is not always closed, they have to take values in enveloping algebra 2 .
The dots mean that we must sum over a basis of the vector space spanned by homogeneous polynomials of generators of the Lie algebra. Completely symmetrized products form such the following basis :
The ⋆-commutator of two enveloping algebra-valued transformations always will remain enveloping algebra-valued. The bad point is that we will deal with a series of infinite parameters, however it is possible to define a gauge transformation where all these infinitely parameters depend on the usual gauge parameter Λ(x), the gauge potential A µ (x) and their derivatives [21] . Transformations of this type will be denoted asΛ [A] and their x-dependence is purely via this finite set of parameters and gauge potentials Λ [A] ≡Λ [A(x)] (for constant θ). Now the gauge transformation (A3) will take the following form
Each finite set of parameters Λ 0 a (x) defines a tower Λ Λ 0 [A 0 ] in the enveloping algebra that is completely determined by the Lie algebra-valued part. To define and construct this tower we demand a similarity with Lie algebra [32] (δΛδΣ − δΣδΛ)ψ(x) = δΛ ×Σψ (x).
(A22)
More explicitly we have
Now we can use the expansion of the ⋆-product (the MW product, as we have mentioned before) to solve Eq. (A23) in its NC part.
We will assume that always the following expansion is possiblê
This expansion is the main ingredient for the construction of non-Abelian NC gauge theories. If we substitute the above relation in (A23) to zeroth order, we yield the Eq. (A13) which is the commutator of two Lie algebra-valued objects. Concerning the first order, by means of an ansatz, we have that
Also we can expand the fields and gauge potential in NC space in terms of the original space ones as followsψ
By the same treatment as the gauge parameter for the gauge potential and field strength at the first order terms one finds [21] that
Hence the ordinary Yang-Mills term F ij F ij in the NC spacetime takes the following form
For the matter field in the fundamental representation we have that
and in the adjoint representation [22] 
We must take care that these variables do not take value in a Lie algebra but in an enveloping algebra. So {•, •} is not the anticommutator of a Lie algebra-valued matrices and the result is more complicated such as the one in Eq. (A25). The higher order of expansions are obtained analogously. In [21] the action of a NC gauge theory with fermionic matter has been constructed to the second order of NCy parameter θ. The result can be written solely in terms of the usual gauge covariant derivatives and field strengths, which exhibits beautifully the usual gauge invariance of the expansion.
The no-go theorem
In a realistic physical model we need to consider gauge groups with several simple factors. Let G 1 and G 2 be two local gauge groups. The gauge group G = G 1 × G 2 is defined by
where "" is the corresponding group multiplication for each group. If we now take the groups to be the NC ones, G 1 = U ⋆ (n) and G 2 = U ⋆ (m), we can see that, because of the ⋆-product we cannot re-arrange the elements of the subgroups as in (A33). Therefore the matter fields cannot be in the fundamental representation of both U ⋆ (n) and U ⋆ (m). However, there is one possibility left. The matter field Ψ can be in the fundamental representation of one group, say U ⋆ (n), and in the anti-fundamental representation of the other group
In the general case the gauge group consists of N factors G = N i=1 U ⋆ (n i ). The matter fields can at most be charged under two of the U ⋆ (n i ) factors and they have to be singlets under the rest of them. This is a strong constraint on the possible models specially the extension of the standard model of particle physics on NC spacetimes. 
The graded commutation rule is defined as
Let S 0,i (φ, x) denote the variation of the action with respect to φ i (x):
where the subscript i denotes the right derivative with respect to the corresponding field, that is, the field is to be commutated to the far right and then dropped. When using right derivatives, the variation δS 0 , or of any other object, is given by δS 0 = S 0,i δφ i . If one were to use left derivatives, the variation of S 0 would be read δS 0 = δφ i ∂ l S 0 ∂φ i . The commutation rule for the gauge transformations in the most general form obeys the following relationship
where the tensors T γ αβ are called the structure constants of the gauge algebra, although they depend, in general, on the fields of the theory. When E ij αβ = 0, the gauge algebra is said to be closed, otherwise it is open. Equation (B5) defines a Lie algebra if the algebra is closed and the T γ αβ are independent of the fields. We will see that the Jackiw-Pi model has a closed and Lie algebraic gauge structure.
When we say that the action is invariant under the gauge transformation in Eq.(B1) means that the Noether identities
hold, or equivalently, in compact notation
Hence the field equations may be written as
As in the familiar Faddeev-Popov procedure, it is useful to introduce ghost fields C with opposite Grassmann parities to the gauge parameters ε
and to replace the gauge parameters by ghost fields.
Irreducible and reducible gauge theories
It is important to know any dependences among the gauge generators. After analyzing these relations it is possible to determine the independent degrees of freedom. The simplest gauge theories, for which all gauge transformations are independent, are called irreducible. When dependences exist, the theory is reducible. In reducible gauge theories, there is a "kind of gauge invariance for gauge transformations" or what one might call "level-one" gauge invariances. If the level-one gauge transformations are independent, then the theory is called first-stage reducible. This may not happen. Then, there are "level-two" gauge invariances, i.e., gauge invariances for the level-one gauge invariances and so on. This leads to the concept of an L-th stage reducible theory. In what follows we let "m" denote the number of gauge generators at the s-th stage regardless of whether they are independent.
In this brief review we will consider only theories with irreducible gauge structure. For more detailed discussion of the full formalism the interested reader is encouraged to see [37, 38] .
Introducing the antifields
We incorporate the ghost fields into the field set Ψ A = {φ i , C α } , where i = 1, ..., n and α = 1, ..., m. We call it a minimal set. Clearly A = 1, ..., N, where N = n + m. One then further increases the set by introducing an antifield Ψ ⋆ A for each field Ψ A . The Grassmann parity of the antifields is ǫ (Ψ ⋆ A ) = ǫ (Ψ a ) + 1 (mod 2). We assign a new number to each field, the ghost number gh, which is defined as follow
In this generalized space, the antibracket is defined by
where ∂ r denotes the right derivative and ∂ l the left derivative. The antibracket is graded
If one groups the fields and the antifields together into the set
then the antibracket is seen to define a symplectic structure on the space of fields and antifields
with
The antifield can be thought of as a kind of conjugate variable to the field, since
As it can be seen the antibracket is, in some sense, very similar to the Poisson bracket in the phase-space. In fact, by introducing the antifields and defining the antibracket we have an odd(even) symplectic structure inside the Lagrangian formalism. In this way, we can enjoy the clarity and power of Hamiltonian formalism right inside the extended configuration space. The antibracket of two fermionic fields is 
When this is inserted into the classical master equation, one finds that this equation implies the gauge structure of the classical theory. In fact, this form is not unique but is the brief one for S BV . One can turn back to the classical action S 0 when the antifields go to zero
Gauge Fixing and Quantization
Although ghost fields have been incorporated into the theory, the solutions of classical master equation ( 
Due to these gauge freedoms the action (B20), as a solution of classical master equation is not suitable for quantization via path integral and a gauge-fixing procedure is needed. The theory also contains many antifields that usually one wants to eliminate before computing amplitudes and S-matrix elements. One cannot simply set the antifields to zero because the action would reduce to the original classical action S 0 , which is not appropriate for starting perturbation theory due to gauge invariances. In the Batalin-Vilkovisky approach the gauge is fixed using a fermionic function which has Grassmann parity ǫ(Θ)=1, gh[Θ] = −1 and is functional of fields Ψ A only. The antifields are eliminated through relation
After implementing this gauge-fixing procedure we can define a surface in the functional space
Hence for any functional X [Φ, Φ ⋆ ] we have
To construct a gauge-fixing fermion Θ of ghost number -1, one must again introduce additional auxiliary fields. The simplest choice utilizes a trivial pairC α andπ α with the following properties
The auxiliary fieldsC α are the Faddeev-Popov antighosts (π α are called Nakanishi-Lautrup fields) 3 . Along with these fields we include the corresponding antifieldsC 
We can think of these new auxiliary fields as a kind of Lagrange multipliers for the gaugefixing terms. The simplest possibility for fermionic function Θ is
where χ α are the gauge-fixing conditions for the fields φ. The gauge-fixed action is denoted by S Θ = S BV −nm | Σ Θ .
The quantum generating functional is defined by using the constraint (B23) to calculate the correlation function X as
Here W is the quantum action, which reduces to S in the limit → 0. An admissible Θ leads to well-defined propagators when the path integral is expressed as a perturbation series expansion. For a detailed discussion of the W we refer the interested reader to the references [37, 38] .
